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Optimization of Launch Vehicle Ascent Trajectories
with Path Constraints and Coast Arcs

Peter F. Gath¤ and Anthony J. Calise†

Georgia Institute of Technology, Atlanta, Georgia 30332-0150

This paper describes improvements made to a hybrid analytic/numerical algorithm for optimization of launch
vehicle trajectories. Modi� cationsaredescribed that improvethe accuracyof the solution.In addition,thealgorithm
has been extended to include path constraints for normal force and angle of attack, and the terminal constraints
have been generalized to allow optimal attachment to a target orbit de� ned by inclination, apogee radius, and
perigee radius. Singularities that occur for circular orbits and for equatorialorbits are identi� ed. Finally,necessary
conditionsare derived and applied for the introductionof coastingarcs thatare typicallyrequired for a great variety
of missions. To verify the algorithm presented in this paper, results of a test mission to a 100-nm circular equatorial
orbit have been compared with two other independent optimization codes.

Nomenclature
A = aerodynamic force in axial direction, lbs
Ae = nozzle exit area, ft2

a = semi-major axis, ft
aa = axial acceleration, ft/s2

amax = maximum axial acceleration, ft/s2

ce = nozzle exit velocity, ft/s
E = orbital energy, ft2/s2

e = eccentricity
H = Hamiltonian
h = orbital angular momentum, ft2/s
M = Mach number
m = mass, lb
N = aerodynamic force in normal direction, lbs
P = velocity costate vector/primer vector, s/ft
pa = atmospheric pressure, lbs/ft2

pV = collocation variables for velocity state, ft/s2

Q = position costate vector, 1/ft
qR = collocation variables for position costate
qV = collocation variables for velocity costate
R = radius vector from Earth center, ft
Re = Earth radius, ft
ra = apogee radius, ft
r p = perigee radius, ft
T = thrust, lbs
Tvac = maximum available vacuum thrust, lbs
V = inertial velocity vector, ft/s
® = angle of attack, rad
¯ = angle between � nal radius and velocity vector, rad
" = constraint multiplier
¸m = mass costate, 1/lb
¹ = gravitational constant, ft3/s2

! = Schuler frequency, 1/s
1b = unity vector along body axis
1 f = unity vector perpendicular to orbit plane
1N = unity vector pointing north
1n = unity vector perpendicular to body axis
1P = unity vector along primer vector
1R = unity vector along radius vector
1V = unity vector along velocity vector
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Introduction

A DVANCED launch vehicle design and performance analysis
is highly coupled to the trajectory analysis problem of how

to guide the vehicle to achieve maximum payload to a desired or-
bit. The most important factor for cost reduction is a mass-optimal
design of the whole mission. Besides improvements of engines and
reductionof structuralmass by using advancedmaterials, the ascent
trajectory of the launch vehicle has to be optimized with respect to
fuel consumption.Anotheraspectof cost reductionis launchingsev-
eral satellitesat once. Therefore, vehicle designs that employ upper
stages with a very low thrust/weight ratio are of particular interest.

Traditional launch vehicle guidance has employed open-loop
guidance in the atmospheric phase, and closed-loop guidance once
the vehicle is suf� cientlyoutside the atmosphere.However, the pro-
cess of constructingan open-loopsolutioncanbe costly,particularly
in vehicle synthesiswhere many optimizedpro� les may be required
before a � nal design is achieved. There exist a variety of trajectory
optimization codes that utilize both direct and indirect methods for
optimization.However, all of these codes require a reasonablygood
starting guess for convergence, and most are not suitable for real-
time guidance application.

In Ref. 1, a hybrid analytic/numerical approach is described that
offers the potential for ef� cient online calculation of optimal tra-
jectories. One unique feature is that the method does not require
a starting guess. The solution process uses a homotopy method,
which starts from a nearly analytic vacuum solution and gradu-
ally introduces atmospheric effects until a converged solution is
obtained. Once a converged solution from the launch point is avail-
able, then subsequent guidance updates can be executed in frac-
tions of a second due to the nearly analytic nature of the solution
process.

This paper describes modi� cations and extensions to the code
described in Ref. 1 that greatly enhance its accuracy and usefulness
as a trajectory analysis element in a vehicle synthesis code. Path
constraints on angle of attack and normal force have been added.
The terminal constraintsas de� ned in Ref. 1 are overly restrictive in
that they fully de� ne the � nal orbit plane, and the attachment point
is constrained to occur at perigee. Normally, for vehicle synthesis,
prescribing as few of the orbital elements as possible is desirable,
so that the design is not optimized for too small a spectrum of
missions. The new formulation removes constraints on the location
of the ascendingnode and the argumentof perigee.The singularities
that these new formulations can produce are identi� ed.

In Ref. 1, no provision was made for coasting arcs, which are
essential, for example, when launching from northern latitudes and
goingto anequatorialorbit.The durationofcoastarcs is signi� cantly
longer than the total duration of burn arcs. Furthermore, the coast
arcs occur outside the atmosphere. However, they can signi� cantly
impact the optimal path within the atmosphere. Therefore, every
effortwas made to incorporateknown results for analyticalsolutions
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of the state and costate equationsand sensitivityanalysisneeded for
optimization.2;3 This sensitivity analysis enhances both ef� ciency
and accuracy of the solution process. New optimality conditions
for the start and end times of coast arcs have been derived. These
derivations were necessary because the two-point boundary value
problemis treatedas a seriesof � xed burn time problems,compared
to the free time problemstreated in Refs. 3–6. Includedis a condition
for determiningwhen the prescribednumberof coastarcs is optimal.

The implementationof state and costate propagationduring burn
phasesuses theSchuler frequencyreferencedto the startof eachburn
phase, as described in Refs. 4–6. The use of this frequency reduces
the correctionsneeded for the linear gravity model for high altitude
orbits. Furthermore, the performance index has been changed to
maximize � nal orbital energy. This change was essential to allow
for the introductionof new terminal constraints.Finally,Ref. 1 used
the vacuum optimality condition to eliminate the control variable.
Here we describe a method for correcting the vacuum solution by
using the full optimality condition for the atmospheric portion of
the trajectory.

The numerical results presented here are for a vehicle con� gura-
tion with a very low thrust/weight ratio upper stage. Optimal solu-
tions for these con� gurations are dif� cult to converge, particularly
with respect to their angle-of-attackpro� les.

Analytic Development
Problem Formulation

During burn arcs, the equations of motion for � ight in a cen-
tral gravitational � eld are expressed in an inertial, Earth-centered
coordinate frame as shown in Fig. 1.
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where ! is the so-called Schuler frequency de� ned as
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r 3
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The reference radius rref is the magnitude of the radius vector at the
beginningof each burn arc. Earth radius is used as a referenceradius
for the � rst burn arc. The collocation variables pV .t/ are calculated
as

pV .t/ D 1=m ¢ fTvac ¢ .1b ¡ 1P / ¡ [A C Ae ¢ pa.R/] ¢ 1b C N ¢ 1ng

C R ¢ .!2 ¡ ¹=R3/ (3)

As described in Ref. 1, a vacuum solution where the collocation
variables are set to zero is generated � rst. Note from the � rst ele-
ment of Eq. (1) that the vacuum solution uses a linear gravity law,
which is later corrected by the last term in Eq. (3). Equation (1) also
uses the vacuum optimality condition that aligns the thrust vector
with the � rst three components of the costate vector,3 whereas 1b in
Eq. (3) correspondsto using the full optimality condition(including

Fig. 1 Coordinate frame.

aerodynamicterms). These approximationspermit a nearly analytic
solution for the state and costate variables associated with the vac-
uum solution. The optimization problem is reduced to solving a
set of six nonlinear algebraic equations that represent a two-point
boundaryvalue problemin which the unknowninitial costatevalues
are determined so that the constraints and transversalityconditions
at � nal time are met. The collocation variables are initially evalu-
ated along the vacuum solution and are gradually introduced as an
additional forcing term to the solution process. This gradual intro-
ductionwill,of course,changethe trajectorypro� le, so the two-point
boundary value solution is repeated, and the collocation variables
are recomputed until the process converges.

Coast arcs are assumed to occur outside the atmosphere only.
Furthermore, an inverse-square-lawgravity � eld is required in con-
structing the vacuum trajectory because coast arcs can be of very
long duration in comparison to burn arcs and can involve large
changes in the radius vector. The equations of motion reduce to

R̈ D ¡¹=r 3 ¢ R (4)

Equations (1–4) can be nondimensionalizedusing the rede� nitions
given in Ref. 1. If these are used, all equations remain the same
except that ¹ D 1 in the nondimensional version. In the following,
all formulas will be presented in this nondimensional form, but all
numerical results will be presented in dimension form.

Using the vacuum optimality condition, Eqs. (1) and (4) can be
solved analytically, except for the thrust integrals in Eq. (1). If the
collocation variables are assumed to be linear functions of time
between nodes, the propagation of the states within burn arcs can
then be expressed as
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where the matrices 9; Ä, and W are as shown in Refs. 6 and 7, and
I3 is a 3 £ 3 identity matrix. The time derivative PpV ;0 is calculated
as

PpV ;0 D [pV .¿ / ¡ pV ;0]=¿ (6)

The analytic solution of Eq. (4) for coast arcs is given in Refs. 2
and 8.

Hamiltonian and Costate Propagation
The Hamiltonian of the system given in Eq. (1) can be expressed

in the form

H D H0 C Hatmos C " ¢ constraints (7)

where

H0 D PT ¢
¡
¡!2R C Tvac=m ¢ 1p

¢
C QT ¢ V ¡ ¸m ¢ Tvac=ce

Hatmos D PT ¢ pV .t/ (8)

As shown in Ref. 1, the differential equations for the costates can
be written in the following form during burn arcs:

µ PP
PQ

¶
D

µ
¡Q C qV .t/

!2P ¡ qR .t/

¶
; qV .t/ D ¡ @ Hatmos

@V

qR .t/ D @ Hatmos

@R
(9)



298 GATH AND CALISE

The closed-formsolution for the propagationof the costates is given
by
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Equation (10) also treats the collocation variables qR .t/ and qV .t/
as linear functions of time between evaluation nodes. Their time
derivatives at t0 are calculated in a form similar to Eq. (6).

During coast arcs, the costates are expressed as

PP D ¡Q; PQ D .¡3 ¢ RT ¢ P=r 5/ ¢ R C 1=r 3 ¢ P (11)

The closed form solution for the propagationof the costates is given
in Refs. 4 and 8.

Performance Index and Terminal Constraints
The problem is treated as a series of � xed � nal time, two-point

boundary value problems. The objective is to maximize orbital
energy:

8 D E f D 1
2
V 2

f ¡ 1=R f (12)

Final time is then adjusted so that the desired orbital energy
is achieved. This adjustment is equivalent to maximizing the
mass (minimizing the fuel consumed) to a speci� ed orbit for
free terminal time. The desired � nal energy can be calculated as
E f;d D ¡1=.ra C r p/. The � nal time is adjusted by using the fact
that the variation in the performance index due to a variation in
� nal time can be expressed as ± J D H .t f / ¢ ±t f . This leads to the
expression

1t f D
1E f

H .t f /
D

¡1=.ra C r p/ ¡
¡
V 2

f

¯
2 ¡ 1=R f

¢

¡PT ¢ R=R3 C jPj ¢ Tvac=m C QT V
(13)

for the perturbation in � nal time.
Terminal constraints for attachment at perigee are given in terms

of inclination,perigee radius, and � ight path angle:
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2
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This formulation is suitable for attachment to both circular and el-
liptical orbits. For a free attachment point on elliptical orbits, it be-
comes necessary to replace the last two constraints in Eq. (14) by a
single constraint.Several approacheswere taken, such as constrain-
ing the � nal momentum or eccentricity. However, the best results
were obtainedby constrainingperigee radius of the target orbit. For
this formulation, the terminal constraints can be expressed as
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To formulatethe two-pointboundaryvalueproblem,threeadditional
terminal constraintsare required for attachmentat perigee, and four

additional terminal constraints are required when the attachment
point is free. These additional constraints are obtained using the
transversalityconditions, which, in general, have the form

P f D V ¢ 1V C º1 ¢ Ã1V C º2 ¢ Ã2V C º3 ¢ Ã3V

Q f D 1=R2 ¢ 1R C º1 ¢ Ã1R C º2 ¢ Ã2R C º3 ¢ Ã3R (16)

In the case of an attachment at perigee, we have

Ã1V D av ¢ 1 f ; Ã1R D ¡aR ¢ 1 f ; Ã2V D 0; Ã2R D 1R

Ã3V D R; Ã3R D V; aV D
1T

f ¢ .1N £ 1R/

V ¢ sin ¯

aR D
1T

f ¢ .1N £ 1V /

R ¢ sin ¯
(17)

One way to eliminate º1–º3 in Eq. (16) is to form the inner product
of Eq. (16) with the vectors 1 f ; 1R , and 1V . This procedure results
in the following additional terminal constraints for attachment at
perigee:
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64
[.aR =aV /P C Q]T ¢ 1 f sin ¯
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PT ¢ 1V ¡ V

3
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For the free attachment point case we have

Ã1V D av ¢ 1 f (19a)

Ã1R D ¡aR ¢ 1 f (19b)

Ã2V D 1V ¢ c2V V ¡ R £ .R £ V/ ¢ c2VR (19c)

Ã2R D 1R ¢ c2R R ¡ V £ .V £ R/ ¢ c2RV (19d)

Ã3V D Ã3R D 0 (19e)

where

c2RR D [2 ¢ a2 ¢ .1 ¡ e/]=R2 ¡ a ¢ h2=.R2 ¢ e/

c2RV D c2V R D 1=e

c2V V D 2 ¢ a2 ¢ V ¢ .1 ¡ e/ ¡ a ¢ V ¢ h2=e

h D jR £ Vj; 1=a D 2=R ¡ V 2; e D
p

1 ¡ h2=a

(20)

The remaining terminal constraints can be obtained by building the
innerproductofEq. (16) with the vectors1 f ; .1R C 1V /; 1R , and 1V :

Ãfree;2 D
2
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where

Qº2 D

[Q ¡ .1=R2/1R ]T .1R C 1V /

fc2R Re ¢ 1R ¡ [R2 ¢ .2=R ¡ V 2/2] ¢ V £ .V £ R/gT ¢ .1R C 1V /

(22a)

c2RRe D 2 ¢ .1 ¡ e/ ¢ e ¡ h2=a (22b)

c2V V e D 2 ¢ V ¢ .1 ¡ e/ ¢ e ¡ V ¢ h2=a (22c)
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Details regarding the derivations of these expressions can be found
in Ref. 7.

For equatorial orbits, the � rst equation in Ãperigee;2 and Ãfree;2 has
an inde� nite expression, aR=aV . This can be avoided by replacing
the inclination constraint, as well as its associated transversality
condition, by the two constraints 1T

N ¢ R and 1T
N ¢ V. This also sug-

gests a good method to use when the longitude of ascending node
is to be constrained. In this case 1T

N ¢ R and 1T
N ¢ V simply need to

be replaced by 1T
f;d ¢ R and 1T

f;d ¢ V, where 1 f;d is a unity vector
perpendicular to the desired target orbit plane.

For circular orbits, the problem formulation for free attach-
ment becomes singular. The denominator in Eq. (22a) is zero, and
Eqs. (19c) and (19d) become inde� nite. Therefore, for orbits with
low eccentricity,the terminalconstraintsforan attachmentat perigee
are used. Problems similar to those described here for circular and
equatorial orbits have also been described elsewhere.8

A Newton method is used to solve the two-point boundary value
problem.Therefore,the sensitivitymatrix of � nal stateswith respect
to the initial costates is required. This matrix is calculated in an
analytic form, except for the thrust integrals. The equations needed
are presented in Ref. 1 for attachment at perigee and in Ref. 7 for
the free attachment point case.

Full Optimality Condition
In a vacuum,the optimalityconditionreducesto 1b D 1P , which is

a well-knownresult in theclassicalliteratureon spacecrafttrajectory
optimization. For the atmospheric part of the trajectory, the control
dependant part of the Hamiltonian can be expressed as

H .1b/ D P=m ¢
©
.T ¡ A/ ¢ 1T

P ¢ 1b C N ¢ 1T
P ¢ 1n

ª
C const (23)

With reference to Fig. 2, the inner products can be replaced by the
expressions

1T
P ¢ 1b D cos ±; 1T

P ¢ 1n D sin ±; where ® D Á ¡ ±

(24)

Therefore, the optimality condition reduces to maximizing Eq. (23)
with respect to ®. A maximum occurs only when the body axis is
lying in the plane de� ned by primer vector .1p/ and the relative
velocity vector .1V ;rel/. The � rst-order necessary condition @ H=@®
leads to the expression for the optimal value of ±:

±¤ D arctan
N C A®

T ¡ A C N®

(25)

Takingprojectionsof thebodyaxison primerand relativevelocity
vector such that

1b D a1 ¢ 1p C b1 ¢ 1V ;rel (26)

a1 and b1 can be calculated as

b1 D cos ®¤¡ cos±¤ ¢ cos Á

sin2 Á
; a1 D cos ±¤¡ b1 ¢ cos Á (27)

Fig. 2 Optimal control within atmosphere.

Path Constraints
In Ref. 1, an axial acceleration limit is approximatedby the con-

dition Tvac=m · amax. This approximation assumes that thrust is al-
ways dominatingover other speci� c forces, which is perfectly valid
outside the atmosphere. Within the atmosphere, the approximation
is conservativeand assures that axial acceleration is asymptotically
approachingits limit. The axial acceleration limit is enforced in the
optimization process by regulating the mass � ow. The necessary
conditionsfor enforcingnormal force and angle-of-attacklimits are
summarized in this section.

For a normal force limit, the constraint

jN .®/j · Nmax (28)

has to be satis� ed. If the conditionin Eq. (25) results in a violationof
this constraint,the angle of attack ® is calculatedfrom the condition

N .® 0/ D Nmax (29)

The constraintmultiplier "N is then calculated such that

@ H

@®
D

»
jPj
m

[sin.Á ¡ ®/ ¢ .T ¡ A C N®/

¡ cos.Á ¡ ®/ ¢ .N C A®/] C "N ¢ N®

¼

® D ®0
D 0 (30)

The similar procedure applies for the angle of attack constraint.
When either constraint is active, the correspondingconstraint mul-
tipliersare used to modify theexpressionsfor the costatecollocation
variables in Eq. (9) according to

qV .t/ D ¡ @ Hatmos

@V
¡ "N ¢ @N

@V
¡ "® ¢ @®

@V

qR.t/ D
@ Hatmos

@R
C "N ¢

@N

@R
C "® ¢

@®

@R
(31)

If bothconstraintsare violated,the constraintresultingin the smaller
angleof attack is enforced,and the constraintmultiplier for the other
constraint is set to zero.

Optimizing Coast Arcs
When using the method of collocation, the time interval must be

divided into suf� ciently short elements de� ned by a set of nodal
times. Since coast arcs are handled completely analytically, addi-
tionalnodesfor coastarcsarenot required.Coast arcs canbe thought
of as beinginsertedintoseparatestages,or subdividinga single stage
into multiple burn arcs. When coast arcs are used to separate a stage,
only the duration of the coast arc is optimized. When coast arcs are
used to subdivide a single stage, then both, the start and the end of
each coast arc, are optimized, recognizing that the total burn time
of a stage is � xed. For this study, a method similar to that suggested
in Ref. 9 was employed.

To optimize a coast arc in time, a switching function similar to
that used in Refs. 4 and 5 can be de� ned as

S.t/ D jPj=m ¡ ¸m =ce (32)

Since H is constantoverburn and coastarcswheneverthe optimality
condition is satis� ed, Eq. (32) can be rewritten as

S D 1=Tvac ¢ .H ¡ QT ¢ V C PT ¢ R=R3/ (33)

where H is the value of the Hamiltonian in the current burn arc.
The Hamiltonian at � nal time can be calculated using the fact
that, because neither the performance index nor any of the terminal
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constraintsdepend on mass, the costate ¸m is zero at � nal time. The
Hamiltonian can then be expressed as

H .t f / D PT
f ¢

¡
¡R f

¯
R3

f C Tvac=m ¢ 1p; f

¢
C QT

f ¢ V f (34)

In general, H is discontinuous between a burn and a coast arc
as long as the coast arc is not optimal. Hence, during the opti-
mization process, H in Eq. (33) has to be the value of H for the
speci� c burn arc over which the solution is being integrated. To
calculate this value, the facts that H is constant within a burn arc
and ¸m is constant within a coast arc (and continuousat the switch-
ing points between burn and coast arcs) are used. The value for
S.t/ can then be calculatedbackward in time. For the optimization,
only the values of S.t/ at the start and end points of a burn arc are
required.

The condition

± J D H .t f / ¢ dt f C
Z t f

t0

Hu.x; ¸; u; t/±u dt · 0 (35)

has to be satis� ed for the optimal position and duration of a coast
arc. In this study, coast arcs are assumed to occur only within the
last stageof the vehicle.Thrust is assumedconstantwithin this stage
(since the last stagethrust/weight ratio is very low, axialacceleration
limits are never exceeded). If small variations are considered at the
start and end times of the coast arc, as shown in Fig. 3, and burn
time is kept constant by the condition

.t2 ¡ t1/ C ¢ ¢ ¢ C .t2n ¡ t2n ¡ 1/ D .t2 C ±t2 ¡ t1/ C ¢ ¢ ¢

C .t2n C ±t2n ¡ t2n ¡ 1 ¡ ±t2n ¡ 1/

±t2n D ±t3 C ±t5 C ¢ ¢ ¢ C ±t2n ¡ 1 ¡ ±t2 ¡ ±t4 ¡ ¢ ¢ ¢ ¡ ±t2n ¡ 2 (36)

then Eq. (35) can be written as

± J D ±t2 ¢ [T ¢ S.t2/ ¡ H f ] C ±t3 ¢ [H f ¡ T ¢ S.t3/] C ¢ ¢ ¢

C ±t2n ¡ 2 ¢ [S.t2n ¡ 2/ ¢ T ¡ H f ] C ±t2n ¡ 1

£ [H f ¡ T ¢ S.t2n ¡ 1/]· 0 (37)

Fig. 3 Adjusting coast arc start and end points.

Fig. 4 Inserting additional coast arc.

Since Eq. (37) must hold for any arbitrary ±ti , the necessary con-
ditions for optimality become

S.t2/ D S.t3/ D ¢ ¢ ¢ D S.t2n ¡ 2/ D S.t2n ¡ 1/ D H f =T (38)

De� ning

1Sa D S2 ¡ S3

1Sb D S3 ¡ S4

:::

1Sz D S2n ¡ 2 ¡ S2n ¡ 1

1F D S2n ¡ 1 ¡ H f =T (39)

Fig. 5 Summary of solution method.

Fig. 6 Constrained angle of attack.

Fig. 7 Constrained normal force.
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and considering small variations in the switching times, we have

±1Sa D PS2±t2 ¡ PS3±t3

±1Sb D PS3±t3 ¡ PS4±t4
:::

±1Sz D PS2n ¡ 2±t2n ¡ 2 ¡ PS2n ¡ 1±t2n ¡ 1

±1F D PS2n ¡ 1±t2n ¡ 1 (40)

Setting the error terms in Eq. (40) to zero results in a system of
linear equations

2

6666664

PS2 ¡ PS3 0
PS3 ¡ PS4

: : :

PS2n ¡ 2 ¡ PS2n ¡ 1

0 PS2n ¡ 1

3

7777775
¢

2

666664

±t2
±t3
:::

±t2n ¡ 2

±t2n ¡ 1

3

777775
D

2

666664

¡1Sa

¡1Sb

:::

¡1Sz

¡1F

3

777775

(41)

Fig. 8 Free vs perigee attachment.

Fig. 9 Ascent trajectory with coast arc.

where it can be shown that

PS D ¡PT ¢ Q=.jPj ¢ m/ (42)

From Eq. (41), it follows that to � rst order, the variation in the
switchingtimesneededto attaintheoptimalityconditionsin Eq. (38)
are

±ti D .H f =T ¡ Si /= PSi (43)

Note that the necessary conditions in Eq. (38) do not impose any
conditionon thevalueof the switchingfunctionat the � nal time.The
absence of imposed conditions is due to the fact that the conditions
arederivedfor the situationwhere thenumberof coastarcs is de� ned
a priori. In fact, it is possible to use the value of S.t f / to determine
if the number of coast arcs is optimal. Optimality can be concluded
by considering Fig. 4, which illustrates a portion of the � nal burn
arc. Consider the situation in which S.t f / < H f =T . If an additional
coast arc is inserted at time t2, where S.t2/ is still <H f =T , then
from Eq. (35) the resulting change in the performance index would
be

± J D [H f ¡ T ¢ S.t2/] ¢ ±t2 > 0 (44)

Therefore, a solution involving an additional coast arc would in-
crease the performance. The reverse can be argued when S.t f / <
H f =T .

Summary of the Solution Method
Figure 5 illustrates a summary of the solution method. First, a

vacuum solution is generated using the terminal constraints for
perigee attachment. It was observed that for the case of a low
thrust/weight upper stage, the vacuum solution initially passes be-
low the Earth’s surface. This presents a problem when the at-
mospheric terms are introduced using the method of collocation.
If this occurs, the upper stage trust is increased. After the vac-
uum solution is generated, atmospheric effects are introduced in
a � rst homotopy phase as described in Ref. 1, after which the
original vehicle data is restored (if needed) in a second homotopy
phase. After this, the attachment point to the � nal orbit is also op-
timized by switching the terminal constraints and correcting the
collocation parameters in a third homotopy. Finally, angle of at-
tack and normal force limits are enforced during a fourth homotopy
phase.
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For elliptical orbits, a solution with attachment at perigee is gen-
erated � rst. Once the atmosphere is partly faded in, the terminal
constraints are switched to the more general set for a free attach-
ment point.This procedureis faster than using free attachmentpoint
constraints from the very beginning.

Optimal ascent trajectories into orbits not involving coast arcs
can be generated completely automatically within 10–15 min on
a Pentium II 400 MHz system using MATLAB®, starting with
an arbitrary initial guess for the costate vector. When coded in
CCC, the execution time is reduced by approximately a factor of
10. For real time applications, where a good starting guess is
provided, a guidance update can be calculated in fractions of a
second.1

Numerical Results
In this section, we present results from several cases to highlight

the characteristicsof the resulting ascent pro� les. The vehicle data
and a more complete description of the boundary conditions for
all the cases can be found in Appendix Tables A1–A3 and Ref. 7.
Figure 6 illustrates an optimal angle of attack pro� le for a vehicle
with a low thrust/weight ratio in the upper stage. The dashed line
corresponds to an unconstrainedpro� le, whereas the solid line is a
resultobtainedwhen the angleof attackwas constrainedto be a max-
imum of 5 deg in the � rst stage. Total burn time for the constrained
ascent is increased by about 18.6 s. Figure 7 illustrates the normal

Fig. 10 Switching function for ascent to a circular equatorial orbit.

Fig. 11 Ascent to an elliptical orbit with only one coast arc.

force pro� le result for the same vehicle with a normal force limit.
The dashed line is, again, the unconstrained pro� le. The solid line
correspondsto an ascentwith a normal force constraintof 50,000 lbs
(222.4 kN). Total burn time for the constrained ascent is about 7 s
longer.

For vehicles with a low thrust/weight ratio upper stage, the dif-
ference between attachment at perigee and a free attachment point
solution is much more signi� cant than that observed for conven-
tional vehicles.Figure 8 shows a comparison of the altitudepro� les
for a case in which the target orbit is elliptical, with an eccentricity
of 0.188. The perigee radius is 100 nm and the attachmentpoint has
a true anomaly of 13.4 deg. Burning time for the free attachment
point solution is 6 s shorter than for attachment at perigee. This
difference in burn time is equivalent to a mass difference of 555 lb
(251.7 kg).

Figure 9 illustrates an optimized ascent into a 100-nm circular
equatorial orbit from 30-deg launch latitude. The vehicle data are
shown in the Appendix. This ascent involves a coast arc, starting at
834.8 s, with a duration of 845.5 s. Figure 10 gives the pro� le of
the switching function in the upper part of the trajectory. It can be
seen clearly that the burn arcs are ending just when the triggering
value H f =T is reached. This case has been validated by comparing

Fig. 12 Switching function for ascent to elliptical orbit.
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Fig. 13 Comparison with OTIS and ALTOS.

it with independent optimization codes as mentioned below. The
optimal solution with one coast arc is shown in Fig. 11 for the case
where the circular orbit is changed to an ellipticalorbit with apogee
at 1000 nm altitude. For this case, executing the total inclination
change at perigee is not optimal. Instead, a third burn in apogee
would further reduce fuel consumption.This can be concludedfrom
Eq. (44) by noting that the plot of the switching function in Fig. 12
falls below H f =T during the last few seconds of the second burn.

Figure 13 shows a comparison of the results of three different
trajectory optimization codes for the mission to a 100 nm circu-
lar equatorial orbit described above. Fast Logic for Optimization of
AscentTrajectories(FLOAT) is thecodepresentedin thispaper.Op-
timal Trajectories by Implicit Simulation (OTIS)10 and Advanced
LauncherTrajectoryOptimizationSoftware (ALTOS)11 are two dif-
ferent direct optimizationmethods using control discretization.The
small deviations are likely due to the differences in the way the
atmospheric model and the optimal solution are parameterized in
these approaches.

Conclusions
A variety of improvements to a previously developed hybrid op-

timization code has been described.These improvements are aimed
at making the resulting code more applicable to both vehicle design
and, ultimately, real time guidance of advanced launch vehicle con-
� gurations.In particular,itwas foundthat reducingthe thrust/weight
ratio of the upper stage has a dramatic effect on the angle of attack
pro� le, both in the atmospheric and exoatmospheric � ight phases.
Therefore,simultaneousguidanceoptimizationof both � ight phases
will playan importantrole in attainingoptimumsystemperformance
and can signi� cantly impact the overall vehicle design as well. Fur-
thermore, the performance difference between attaching at perigee
and free attachment is increased. The implication from a synthe-
sis perspective is that the boundary conditions for free attachment
are considerably more complicated to enforce than the boundary
conditions for attachment at perigee.

For cases involving coast arcs, the solution process requires the
number of coast arcs to be prede�ned for each burn stage. However,
a method fordeterminingwhen thenumberof coast arcs is optimal is
also providedas a by-productof the solution.Unfortunately,optimal
ascents with coast arcs can take considerably longer to converge.
This longer computationtime is due to the fact that there is a strong
coupling between the atmospheric portion of the solution and the
location of the coast arcs.

Appendix: Example Vehicle Data

Table A1 Axial force coef� cient

M Axial force coef� cient

0 0.35
0.6 0.35
0.8 0.37
0.9 0.41
0.95 0.45
1.0 0.50
1.05 0.59
1.1 0.68
1.2 0.77
1.4 0.76
1.6 0.70
1.97 0.58
2.48 0.45
2.97 0.48
¸4 0.54

Table A2 Normal force coef� cient

® Normal force coef� cient

¡20 ¡1
¡15 ¡0:75
¡10 ¡0:5
¡5 ¡0:25
0 0
5 0.25
10 0.5
15 0.75
20 1

Table A3 Vehicle stage propertiesa

Property Stage 1 Stage 2

Aref 135 ft2 (12.54 m2 ) 135 ft2 (12.54 m2 )
m f 107,678.04 lb (48,842 kg) maximized
mdrop 24,678.45 lb (11,194 kg) 0 lb (0 kg)
Tvac 432,500 lb (1,923.9 kN) 41,500 lbs (184,6 kN)
Ae 20.7 ft2 (1.923 m2 ) 26.2 ft2 (2.434 m2 )
ISP 443 s 456 s

aInitial mass D 263,298.53 lb (119,430kg); and launch latitudeD 30± .
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