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Optimization of Launch Vehicle Ascent Trajectories
with Path Constraints and Coast Arcs

Peter F. Gath* and Anthony J. Calise’
Georgia Institute of Technology, Atlanta, Georgia 30332-0150

This paper describes improvements made to a hybrid analytic/numerical algorithm for optimization of launch
vehicle trajectories. Modifications are described thatimprove the accuracy of the solution. In addition, the algorithm
has been extended to include path constraints for normal force and angle of attack, and the terminal constraints
have been generalized to allow optimal attachment to a target orbit defined by inclination, apogee radius, and
perigee radius. Singularities that occur for circular orbits and for equatorial orbits are identified. Finally, necessary
conditionsare derived and applied for the introduction of coasting arcs that are typically required for a great variety
of missions. To verify the algorithm presented in this paper, results of a test mission to a 100-nm circular equatorial
orbit have been compared with two other independent optimization codes.

Nomenclature
A = aerodynamic force in axial direction, lbs
A, = nozzleexit area, ft?
a = semi-major axis, ft
a, = axial acceleration, ft/s?
dmx = maximum axial acceleration, ft/s?
c, = nozzle exit velocity, ft/s
E = orbitalenergy, ft*/s?
e = eccentricity
H = Hamiltonian
h = orbital angular momentum, ft?/s
M = Machnumber
m = mass,lb
N = aerodynamic force in normal direction, lbs
P = velocity costate vector/primer vector, s/ft
p. = atmospheric pressure, Ibs/ft*
pv = collocation variables for velocity state, ft/s
0 = position costate vector, 1/ft
qr = collocation variables for position costate
qy = collocation variables for velocity costate
R = radius vector from Earth center, ft
R, = Earth radius, ft
Ty = apogeeradius, ft
Tp = perigee radius, ft
T = thrust, Ibs
T... = maximum available vacuum thrust, 1bs
\4 = inertial velocity vector, ft/s
o = angle of attack, rad
B = angle between final radius and velocity vector, rad
€ = constraint multiplier
A, = masscostate, 1/Ib
i = gravitational constant, ft*/s
10} = Schuler frequency, 1/s
1, = unity vector along body axis
1, = unity vector perpendicularto orbit plane
1y = unity vector pointing north
1, = unity vector perpendicularto body axis
1, = unity vector along primer vector
1z = unity vector along radius vector
1y = unity vector along velocity vector
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Introduction

DVANCED launch vehicle design and performance analysis
is highly coupled to the trajectory analysis problem of how
to guide the vehicle to achieve maximum payload to a desired or-
bit. The most important factor for cost reduction is a mass-optimal
design of the whole mission. Besides improvements of engines and
reductionof structural mass by using advanced materials, the ascent
trajectory of the launch vehicle has to be optimized with respect to
fuel consumption. Anotheraspectof costreductionis launching sev-
eral satellites at once. Therefore, vehicle designs that employ upper
stages with a very low thrust/weight ratio are of particularinterest.
Traditional launch vehicle guidance has employed open-loop
guidance in the atmospheric phase, and closed-loop guidance once
the vehicleis sufficiently outside the atmosphere. However, the pro-
cess of constructingan open-loopsolutioncan be costly, particularly
in vehicle synthesis where many optimized profiles may be required
before a final design is achieved. There exist a variety of trajectory
optimization codes that utilize both direct and indirect methods for
optimization. However, all of these codes require a reasonably good
starting guess for convergence, and most are not suitable for real-
time guidance application.

In Ref. 1, a hybrid analytic/numerical approach is described that
offers the potential for efficient online calculation of optimal tra-
jectories. One unique feature is that the method does not require
a starting guess. The solution process uses a homotopy method,
which starts from a nearly analytic vacuum solution and gradu-
ally introduces atmospheric effects until a converged solution is
obtained. Once a converged solution from the launch point is avail-
able, then subsequent guidance updates can be executed in frac-
tions of a second due to the nearly analytic nature of the solution
process.

This paper describes modifications and extensions to the code
describedin Ref. 1 that greatly enhance its accuracy and usefulness
as a trajectory analysis element in a vehicle synthesis code. Path
constraints on angle of attack and normal force have been added.
The terminal constraintsas defined in Ref. 1 are overly restrictivein
that they fully define the final orbit plane, and the attachment point
is constrained to occur at perigee. Normally, for vehicle synthesis,
prescribing as few of the orbital elements as possible is desirable,
so that the design is not optimized for too small a spectrum of
missions. The new formulation removes constraints on the location
of the ascendingnode and the argument of perigee. The singularities
that these new formulations can produce are identified.

In Ref. 1, no provision was made for coasting arcs, which are
essential, for example, when launching from northern latitudes and
goingto an equatorialorbit. The durationof coastarcsis significantly
longer than the total duration of burn arcs. Furthermore, the coast
arcs occur outside the atmosphere. However, they can significantly
impact the optimal path within the atmosphere. Therefore, every
effort was made to incorporateknown results for analytical solutions



GATH AND CALISE 297

of the state and costate equations and sensitivity analysis needed for
optimization>3 This sensitivity analysis enhances both efficiency
and accuracy of the solution process. New optimality conditions
for the start and end times of coast arcs have been derived. These
derivations were necessary because the two-point boundary value
problemis treated as a series of fixed burn time problems,compared
to the free time problemstreatedin Refs. 3-6. Includedis a condition
for determiningwhen the prescribednumber of coastarcsis optimal.

The implementation of state and costate propagationduring burn
phasesusesthe Schuler frequencyreferencedto the startof eachburn
phase, as described in Refs. 4-6. The use of this frequency reduces
the corrections needed for the linear gravity model for high altitude
orbits. Furthermore, the performance index has been changed to
maximize final orbital energy. This change was essential to allow
for the introductionof new terminal constraints. Finally, Ref. 1 used
the vacuum optimality condition to eliminate the control variable.
Here we describe a method for correcting the vacuum solution by
using the full optimality condition for the atmospheric portion of
the trajectory.

The numerical results presented here are for a vehicle configura-
tion with a very low thrust/weight ratio upper stage. Optimal solu-
tions for these configurations are difficult to converge, particularly
with respect to their angle-of-attack profiles.

Analytic Development
Problem Formulation
During burn arcs, the equations of motion for flight in a cen-
tral gravitational field are expressed in an inertial, Earth-centered
coordinate frame as shown in Fig. 1.

v —@* R+ Type/m -1, +py (1)
R|= 14 1
m _Tvac/ce

where o is the so-called Schuler frequency defined as

o=yn/r @)

The reference radius ry¢ is the magnitude of the radius vector at the
beginning of each burn arc. Earthradiusis used as areferenceradius
for the first burn arc. The collocation variables py (¢) are calculated
as

pv@) =1/m Ty -1, —=1,) —[A+ A, - p,(R)] -1, + N - 1,}

+R - (0® — /R 3)

As described in Ref. 1, a vacuum solution where the collocation
variables are set to zero is generated first. Note from the first ele-
ment of Eq. (1) that the vacuum solution uses a linear gravity law,
which is later corrected by the last term in Eq. (3). Equation (1) also
uses the vacuum optimality condition that aligns the thrust vector
with the first three components of the costate vector,” whereas 1, in
Eq. (3) correspondsto using the full optimality condition (including

Fig.1 Coordinate frame.

aerodynamicterms). These approximationspermit a nearly analytic
solution for the state and costate variables associated with the vac-
uum solution. The optimization problem is reduced to solving a
set of six nonlinear algebraic equations that represent a two-point
boundary value problemin which the unknowninitial costate values
are determined so that the constraints and transversality conditions
at final time are met. The collocation variables are initially evalu-
ated along the vacuum solution and are gradually introduced as an
additional forcing term to the solution process. This gradual intro-
ductionwill, of course,changethe trajectory profile, so the two-point
boundary value solution is repeated, and the collocation variables
are recomputed until the process converges.

Coast arcs are assumed to occur outside the atmosphere only.
Furthermore, an inverse-square-lawgravity field is required in con-
structing the vacuum trajectory because coast arcs can be of very
long duration in comparison to burn arcs and can involve large
changes in the radius vector. The equations of motion reduce to

R=—u/r’ R )

Equations (1-4) can be nondimensionalizedusing the redefinitions
given in Ref. 1. If these are used, all equations remain the same
except that £ =1 in the nondimensional version. In the following,
all formulas will be presented in this nondimensional form, but all
numerical results will be presented in dimension form.

Using the vacuum optimality condition, Egs. (1) and (4) can be
solved analytically, except for the thrust integrals in Eq. (1). If the
collocation variables are assumed to be linear functions of time
between nodes, the propagation of the states within burn arcs can
then be expressed as

[R(r)} = . [RO} QW
V() Vo
|:(1/w2)(1 —coswt)- I3 (1/o®)[t — (1/w)sinwt] - I3i|

(1/w)sinwt - I3 (1/0*)(1 — coswt) - I

N [;rv_o} -
V.0
where the matrices W, 2, and W are as shown in Refs. 6 and 7, and

I3 is a 3 x 3 identity matrix. The time derivative py o is calculated
as

Pvo =Ipv () —pvol/T 6)

The analytic solution of Eq. (4) for coast arcs is given in Refs. 2
and 8.

Hamiltonian and Costate Propagation
The Hamiltonian of the system given in Eq. (1) can be expressed
in the form

H = Hj + Hyys + € - constraints 7

where
HO :PT : (_sz + Tvac/m : lp) +QT V= Am Tvac/ce
Hatmns :PT 'Pv(t) (8)

As shown in Ref. 1, the differential equations for the costates can
be written in the following form during burn arcs:

[P] _ [—Q+qvm}
Q WP —qr(t) ]’
8Hatmns

qr(t) = R 9)

E)Iiatmns

qv () =— 3V
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The closed-formsolution for the propagationof the costatesis given
by

o))
—0(7) )

[ (1/w)sinwt - I

N (1/aﬂ><1——coswr>~13} [qVﬁ}

|—(1 —coswr) - I; —[t— (1/w)sinwt]- L] [qvo

(1/®)(1 — coswt) - I

N [(1/0®) (1 —coswr) - I; (1]t — (1/w)sinwt] - I
(1/w)sinwrt - I3

« ‘1R.01| (10)

Ldro

Equation (10) also treats the collocation variables g (f) and qy ()
as linear functions of time between evaluation nodes. Their time
derivatives at f, are calculated in a form similar to Eq. (6).

During coast arcs, the costates are expressed as

P=-0

The closed form solution for the propagationof the costatesis given
in Refs. 4 and 8.

Q= (-3-R"-P/r’)-R+1/r>-P (11)

Performance Index and Terminal Constraints

The problem is treated as a series of fixed final time, two-point
boundary value problems. The objective is to maximize orbital
energy:

®=E; =1V2—1/R, (12)

Final time is then adjusted so that the desired orbital energy
is achieved. This adjustment is equivalent to maximizing the
mass (minimizing the fuel consumed) to a specified orbit for
free terminal time. The desired final energy can be calculated as
E;;=—1/(r, +r,). The final time is adjusted by using the fact
that the variation in the performance index due to a variation in
final time can be expressed as §J = H (¢;) - §¢;. This leads to the
expression

AE; —1/(rg+7,) = (V2/2=1/R))
H(tf) _PTR/R3+|P|Tvac/m+QTV

for the perturbationin final time.
Terminal constraints for attachment at perigee are given in terms
of inclination, perigee radius, and flight path angle:

1x x 1
T. LV cos(iy)
_ 1z x 1y| —0 (14)
'lppcrigcc.l - |R| —rpa -
T
R"-V .

This formulation is suitable for attachment to both circular and el-
liptical orbits. For a free attachment point on elliptical orbits, it be-
comes necessary to replace the last two constraintsin Eq. (14) by a
single constraint. Several approaches were taken, such as constrain-
ing the final momentum or eccentricity. However, the best results
were obtained by constrainingperigee radius of the target orbit. For
this formulation, the terminal constraints can be expressed as

'lpfrcc.l =

lR X lv .
T . —
N 1z x 1y| oos(ia)
! 1 1 2 V2] IR x V|
— |1- 12— AR x _
2/R—V? R Tp.d
t=tf
=0 (15)

To formulatethe two-pointboundary value problem, three additional
terminal constraintsare required for attachment at perigee, and four

additional terminal constraints are required when the attachment
point is free. These additional constraints are obtained using the
transversality conditions, which, in general, have the form

Pr=V -1y +v by +va-1hyy + 03¢y
Qf:1/R2'1R+V1"¢1R+V2"¢2R+V3"¢3R (16)

In the case of an attachment at perigee, we have

Py, =a, -1, Yip = —ag -1y, Yoy =0, Vor =l
17 Ay x 1)
=R, =V, —
Psy Pir v V -sinf
17 Ay x 1y)
ag=L 1"V (17)

R -sing

One way to eliminate v;-v; in Eq. (16) is to form the inner product
of Eq. (16) with the vectors 1,14, and 1. This procedure results
in the following additional terminal constraints for attachment at
perigee:
[(ag/ay)P + Q]T -1y sin B
P"1; — (R/V)Q" -1y (18)
PT-1, -V

'lppcrigcc.Z =
t=ty

For the free attachment point case we have

Yy =a, 1, (19a)
g =—ag-1; (19b)
Yoy =1y -c2VV —R x (R x V) - c2VR (19¢)
Yop =1z - c2RR —V x (V xR) - c2RV (19d)
Py =P =0 (19e)
where
C2RR=1[2-a*>-(1—e)]/R* —a-h*/(R*-e)
C2RV = c2VR = 1/e
QAVV =2-a>-V-(1—e)—a-V-h/e
h=IRxV|, 1/a=2/R—V?,  e=+1-ha

(20)

The remaining terminal constraints can be obtained by building the
innerproductof Eq. (16) with the vectors1;, (1z +1y), 1z,and 1y:

'lpfrcc.Z =

[(ar/ay)P+ Q)" -1;sinp
P'1y — V — 5, RY{c2V Ve — (1/a®)[R x (R x V)|"1,}
0"1y — (1/R)H1}1y — D131y c2RRe
P'1; — V11, — 5,1014c2V Ve

21
where
172 =
[Q0—(1/RH1]" (Ar +1v)
{c2RRe -1z —[R*- 2/R—=V?2)?2]. VX (VX R} -1z +1y)
(22a)
c2RRe=2~(1—e)~e—h2/a (22b)
cZVVe=2~V~(1—e)~e—V~h2/a (22¢)
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Details regarding the derivations of these expressions can be found
in Ref. 7.

For equatorial orbits, the first equation in ¥perigee,» and Ve » has
an indefinite expression, ag/ay. This can be avoided by replacing
the inclination constraint, as well as its associated transversality
condition, by the two constraints 1%, - R and 1%, - V. This also sug-
gests a good method to use when the longitude of ascending node
is to be constrained. In this case 1% - R and 1% - V simply need to
be replaced by 17, - R and 17, - V, where 1, is a unity vector
perpendicularto the desired target orbit plane.

For circular orbits, the problem formulation for free attach-
ment becomes singular. The denominator in Eq. (22a) is zero, and
Eqgs. (19¢) and (19d) become indefinite. Therefore, for orbits with
low eccentricity,the terminal constraintsforan attachmentat perigee
are used. Problems similar to those described here for circular and
equatorial orbits have also been described elsewhere.?

A Newton method is used to solve the two-point boundary value
problem. Therefore, the sensitivity matrix of final states with respect
to the initial costates is required. This matrix is calculated in an
analytic form, except for the thrust integrals. The equations needed
are presented in Ref. 1 for attachment at perigee and in Ref. 7 for
the free attachment point case.

Full Optimality Condition

In avacuum, the optimality conditionreducesto 1, = 1, whichis
awell-knownresultin the classicalliteratureon spacecrafttrajectory
optimization. For the atmospheric part of the trajectory, the control
dependant part of the Hamiltonian can be expressed as

H1,) =P/m-{(T—A)-15-1,+ N -15-1,} +const (23)

With reference to Fig. 2, the inner products can be replaced by the
expressions
1% -1, = sins,

1% -1, = cossé, where a=¢ -4

(24)

Therefore, the optimality conditionreduces to maximizing Eq. (23)
with respect to &. A maximum occurs only when the body axis is
lying in the plane defined by primer vector (1,) and the relative
velocity vector (1y ). The first-order necessary condition d H /da
leads to the expression for the optimal value of §:

N+ A,
5§ = arctan+— 25)
T—A+N,

Taking projectionsof the body axis on primer and relative velocity
vector such that

1, =a - lp +by 1y (26)
a; and b, can be calculated as

b cosa*—coss* - cos¢
1= -
sin® ¢

s a, = cosé*—b; - cosp (27)

V . rel

Fig.2 Optimal control within atmosphere.

Path Constraints

In Ref. 1, an axial acceleration limit is approximated by the con-
dition T,,. /m < ay,. This approximation assumes that thrust is al-
ways dominating over other specific forces, which is perfectly valid
outside the atmosphere. Within the atmosphere, the approximation
is conservative and assures that axial accelerationis asymptotically
approachingits limit. The axial acceleration limit is enforced in the
optimization process by regulating the mass flow. The necessary
conditions for enforcing normal force and angle-of-attacklimits are
summarized in this section.

For a normal force limit, the constraint

[N ()| < Ninax (28)

has to be satisfied. If the conditionin Eq. (25) resultsin a violation of
this constraint, the angle of attack « is calculated from the condition

N(&') = Ninax (29)

The constraint multiplier ¢y is then calculated such that

oH { P
— =1 —[sin(¢p —a) - (T — A+ N,)
da m
—cos(p —a)- (N+ A)]+en -Na} =0 (30)

The similar procedure applies for the angle of attack constraint.
When either constraint is active, the corresponding constraint mul-
tipliers are used to modify the expressionsfor the costatecollocation
variablesin Eq. (9) according to

E)[1mmns 8N 80[
e A A 17

0 H o oN do
A T T

Ifboth constraintsare violated, the constraintresultingin the smaller
angleof attackis enforced, and the constraintmultiplier for the other
constraintis set to zero.

Optimizing Coast Arcs

When using the method of collocation, the time interval must be
divided into sufficiently short elements defined by a set of nodal
times. Since coast arcs are handled completely analytically, addi-
tionalnodesforcoastarcs are notrequired. Coast arcs can be thought
of asbeinginsertedinto separatestages,or subdividinga single stage
into multiple burn arcs. When coastarcs are used to separate a stage,
only the duration of the coast arc is optimized. When coast arcs are
used to subdivide a single stage, then both, the start and the end of
each coast arc, are optimized, recognizing that the total burn time
of a stage is fixed. For this study, a method similar to that suggested
in Ref. 9 was employed.

To optimize a coast arc in time, a switching function similar to
that used in Refs. 4 and 5 can be defined as

S(t) = |P|/m — Ay /c. (32)

Since H is constantoverburn and coastarcs wheneverthe optimality
condition is satisfied, Eq. (32) can be rewritten as

S=1/Tp - (H—Q"-V+P"-R/R% (33)
where H is the value of the Hamiltonian in the current burn arc.

The Hamiltonian at final time can be calculated using the fact
that, because neither the performance index nor any of the terminal
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constraintsdepend on mass, the costate A, is zero at final time. The
Hamiltonian can then be expressed as

H(tp) =P7 - (—R; [R + Tuc/m - 1,,) + 0% -V, (34)

In general, H is discontinuous between a burn and a coast arc
as long as the coast arc is not optimal. Hence, during the opti-
mization process, H in Eq. (33) has to be the value of H for the
specific burn arc over which the solution is being integrated. To
calculate this value, the facts that H is constant within a burn arc
and A, is constant within a coast arc (and continuous at the switch-
ing points between burn and coast arcs) are used. The value for
S(t) can then be calculated backward in time. For the optimization,
only the values of S(#) at the start and end points of a burn arc are
required.

The condition

7
8J = H(ty) - dts +/ H,(x, A u,t)éudt <0 (35)
o

has to be satisfied for the optimal position and duration of a coast
arc. In this study, coast arcs are assumed to occur only within the
last stage of the vehicle. Thrustis assumed constant within this stage
(since the last stage thrust/weight ratio is very low, axial acceleration
limits are never exceeded). If small variations are considered at the
start and end times of the coast arc, as shown in Fig. 3, and burn
time is kept constant by the condition

tH—t)+ -+ —ty1) =+, —1)+ -
+ (tyy + 885y — by — 82y 1)

8ty =813 +8ts+ - +68tp, | — 8t — 8ty — -+ — 8ty _» 36)
then Eq. (35) can be written as
8J =81, [T -S(ty) —H;l+ 8t - [Hf — T - Sts)] +- -

+8ty 2 [S(tay—2) - T — Hp]+ 68t

x[Hf =T -S(ta-1)]<0 37

t burn arc t J\/ﬁ typ.y burnarc ton = t¢
ti t+3ty J\/~ 10t tan Oty

By,

-~ ¥

Fig.3 Adjusting coast arc start and end points.

11 t 3=1

1 t thr+ot, t3+0t3

du

~Y

Fig. 4 Inserting additional coast arc.

Since Eq. (37) must hold for any arbitrary §¢;, the necessary con-
ditions for optimality become

S(t) =8(t3) =+ = S(tyy—2) = S(tay_1) = Hf/T (38)
Defining
AS, =8, — 83
AS, = 85— S,

AS. = So—2— S
AF =S8,,_—H;/T (39)

Generate vacuum solution

Y

Fade in atmosphere (first homotopy)

A M

Y

Switch to original upper stage (second homotopy)

Y

Correct for free attachment-point (third homotopy)

'SR
N/ S

\

Correct for AOA and normal force constraints
(fourth homotopy)

Fig.5 Summary of solution method.

Angle of Attack {deg]

=+ » Unconstrained

,,,,,,,,,, ~—— AQA constrained

400 600 800 1000 1200 1400
Time [sec]

Fig.6 Constrained angle of attack.
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Fig.7 Constrained normal force.



GATH AND CALISE 301

and considering small variations in the switching times, we have
SAS, = $,81, — 8581
(SAS}, - S3(St3 - S4(St4

SAS, = S5, 28ty 5 — Sy 1812,
SAF = S5, 1815, (40)

Setting the error terms in Eq. (40) to zero results in a system of
linear equations

S, =8 0 8t —AS,
5, -8, 513 —AS,
L S 8120 -2 —AS,
0 SZn—l Sty —AF
41)
300
250 4 -------
200
£
&
§ 150 4
2
=
100 4
50 4
0 ; ; ; ; ; ;
0 200 400 600 800 1000 1200 1400

Time [sec]

Fig.8 Free vs perigee attachment.

200

wn
=3

<
=

Altitude [nm]

50

Latitude (deg) 0 20

where it can be shown that
§=—P"-Q/(P|-m) 42)

From Eq. (41), it follows that to first order, the variation in the
switchingtimes neededto attain the optimality conditionsin Eq. (38)
are

8t, = (H; /T — S))/S; (43)

Note that the necessary conditions in Eq. (38) do not impose any
conditionon the value of the switching functionat the final time. The
absence of imposed conditionsis due to the fact that the conditions
are derived for the situation where the number of coastarcsis defined
a priori. In fact, it is possible to use the value of S(7;) to determine
if the number of coast arcs is optimal. Optimality can be concluded
by considering Fig. 4, which illustrates a portion of the final burn
arc. Consider the situationin which S(¢;) < H; /T . If an additional
coast arc is inserted at time #,, where S(1,) is still <H,/T, then
from Eq. (35) the resulting change in the performance index would
be

8J=[H; =T -S(t)]-8t, >0 (44)

Therefore, a solution involving an additional coast arc would in-
crease the performance. The reverse can be argued when S(z,) <
H;/T.

!

Summary of the Solution Method

Figure 5 illustrates a summary of the solution method. First, a
vacuum solution is generated using the terminal constraints for
perigee attachment. It was observed that for the case of a low
thrust/weight upper stage, the vacuum solution initially passes be-
low the Earth’s surface. This presents a problem when the at-
mospheric terms are introduced using the method of collocation.
If this occurs, the upper stage trust is increased. After the vac-
uum solution is generated, atmospheric effects are introduced in
a first homotopy phase as described in Ref. 1, after which the
original vehicle data is restored (if needed) in a second homotopy
phase. After this, the attachment point to the final orbit is also op-
timized by switching the terminal constraints and correcting the
collocation parameters in a third homotopy. Finally, angle of at-
tack and normal force limits are enforced during a fourth homotopy
phase.

100

40

Longitude (deg)

Fig.9 Ascent trajectory with coast arc.
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For elliptical orbits, a solution with attachment at perigee is gen-
erated first. Once the atmosphere is partly faded in, the terminal
constraints are switched to the more general set for a free attach-
ment point. This procedureis faster than using free attachmentpoint
constraints from the very beginning.

Optimal ascent trajectories into orbits not involving coast arcs
can be generated completely automatically within 10-15 min on
a Pentium II 400 MHz system using MATLAB®, starting with
an arbitrary initial guess for the costate vector. When coded in
C**, the execution time is reduced by approximately a factor of
10. For real time applications, where a good starting guess is
provided, a guidance update can be calculated in fractions of a
second.!

Numerical Results

In this section, we present results from several cases to highlight
the characteristics of the resulting ascent profiles. The vehicle data
and a more complete description of the boundary conditions for
all the cases can be found in Appendix Tables A1-A3 and Ref. 7.
Figure 6 illustrates an optimal angle of attack profile for a vehicle
with a low thrust/weight ratio in the upper stage. The dashed line
corresponds to an unconstrained profile, whereas the solid line is a
resultobtained when the angle of attack was constrainedto be a max-
imum of 5 deg in the first stage. Total burn time for the constrained
ascent is increased by about 18.6 s. Figure 7 illustrates the normal

Switching function
~ ~
(e o

~
~J
L

76
700 900 1100 1300 1500 1700 1900
Flight time [sec]

Fig. 10 Switching function for ascent to a circular equatorial orbit.

150

<
E=3

(%3
=

Altitude [nm]

\/o

40

Latitude (deg) 0 20

force profile result for the same vehicle with a normal force limit.
The dashed line is, again, the unconstrained profile. The solid line
correspondsto an ascent with a normal force constraintof 50,0001bs
(222.4 kN). Total burn time for the constrained ascent is about 7 s
longer.

For vehicles with a low thrust/weight ratio upper stage, the dif-
ference between attachment at perigee and a free attachment point
solution is much more significant than that observed for conven-
tional vehicles. Figure 8 shows a comparison of the altitude profiles
for a case in which the target orbit is elliptical, with an eccentricity
of 0.188. The perigeeradiusis 100 nm and the attachmentpoint has
a true anomaly of 13.4 deg. Burning time for the free attachment
point solution is 6 s shorter than for attachment at perigee. This
difference in burn time is equivalentto a mass difference of 555 1b
(251.7kg).

Figure 9 illustrates an optimized ascent into a 100-nm circular
equatorial orbit from 30-deg launch latitude. The vehicle data are
shown in the Appendix. This ascentinvolves a coast arc, starting at
834.8 s, with a duration of 845.5 s. Figure 10 gives the profile of
the switching function in the upper part of the trajectory. It can be
seen clearly that the burn arcs are ending just when the triggering
value H; /T is reached. This case has been validated by comparing
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Fig. 11 Ascent to an elliptical orbit with only one coast arc.
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Fig.13 Comparison with OTIS and ALTOS.

it with independent optimization codes as mentioned below. The
optimal solution with one coast arc is shown in Fig. 11 for the case
where the circularorbit is changed to an elliptical orbit with apogee
at 1000 nm altitude. For this case, executing the total inclination
change at perigee is not optimal. Instead, a third burn in apogee
would further reduce fuel consumption. This can be concluded from
Eq. (44) by noting that the plot of the switching function in Fig. 12
falls below H;/T during the last few seconds of the second burn.

Figure 13 shows a comparison of the results of three different
trajectory optimization codes for the mission to a 100 nm circu-
lar equatorial orbit described above. Fast Logic for Optimization of
Ascent Trajectories (FLOAT) is the code presentedin this paper. Op-
timal Trajectories by Implicit Simulation (OTIS)!® and Advanced
Launcher Trajectory Optimization Software (ALTOS)'! are two dif-
ferent direct optimization methods using control discretization. The
small deviations are likely due to the differences in the way the
atmospheric model and the optimal solution are parameterized in
these approaches.

Conclusions

A variety of improvements to a previously developed hybrid op-
timization code has been described. These improvements are aimed
at making the resulting code more applicable to both vehicle design
and, ultimately, real time guidance of advanced launch vehicle con-
figurations.In particular,it was found thatreducingthe thrust/weight
ratio of the upper stage has a dramatic effect on the angle of attack
profile, both in the atmospheric and exoatmospheric flight phases.
Therefore, simultaneousguidanceoptimizationof both flight phases
will play animportantrolein attainingoptimum system performance
and can significantly impact the overall vehicle design as well. Fur-
thermore, the performance difference between attaching at perigee
and free attachment is increased. The implication from a synthe-
sis perspective is that the boundary conditions for free attachment
are considerably more complicated to enforce than the boundary
conditions for attachment at perigee.

For cases involving coast arcs, the solution process requires the
number of coast arcs to be predefined for each burn stage. However,
amethod for determining when the number of coast arcs is optimal is
also providedas a by-productofthe solution. Unfortunately,optimal
ascents with coast arcs can take considerably longer to converge.
This longer computationtime is due to the fact that there is a strong
coupling between the atmospheric portion of the solution and the
location of the coast arcs.
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[ 100
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Appendix: Example Vehicle Data

Table A1 Axial force coefficient

M

Axial force coefficient

0.35
0.35
0.37
0.41
0.45
0.50
0.59
0.68
0.77
0.76
0.70
0.58
0.45
0.48
0.54

Table A2 Normal force coefficient

o

Normal force coefficient

-20
—15
—10
-5
0

5

10
15
20

-1

-0.75

-0.5

-0.25
0
0.25
0.5
0.75
1

Table A3 Vehicle stage properties®

Property Stage 1 Stage 2

Aret 135 ft2 (12.54 m?) 135 ft? (12.54 m?)
my 107,678.041b (48,842 kg) maximized
Mdrop 24,678.451b (11,194 kg) 01b (0 kg)

Tyac 432,5001b (1,923.9kN) 41,500 Ibs (184,6 kN)
A, 20.7 ft2 (1.923 m?) 26.2 ft? (2.434 m?)
ISP 443’5 456's

4Tnitial mass =263,298.531b (119,430kg); and launch latitude = 30°.
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